Generalized Fermât numbers have the form Fb<m = b1" +1 . Their odd prime factors are of the form k • 2" + 1, k odd, n > m. It is shown that each prime is a factor of some F¡, m for approximately 1 /k bases b , independent of n . Divisors of generalized Fermât numbers of base 6, base 10, and base 12 are tabulated. Three new factors of standard Fermât numbers are included.
Introduction
Generalized Fermât numbers (GFNs) are of the form (1) Fb,m = b2m + i, b>2.
When b is even, they have many characteristics of the heavily studied standard Fermât numbers Fm = F2m. For example, they have no algebraic factors; they may be prime; it is easy to prove primality; for a fixed base b, they are pairwise relatively prime; all prime factors must be of the form (2) P(k,n) = k-2"+ 1, kodd, n>m.
When b is odd, most of these properties are shared by the numbers Fbm/2. In particular, all their prime factors are also of the form (2) . While investigating the generalized Fermât numbers, some interesting relationships concerning divisibility characteristics were observed and then proved.
Each prime (2) is shown to be a factor of some Fb m for almost exactly l/k of the bases b, independent of « . It appears that the probability of each prime dividing a standard Fermât number is also l/k .
Divisors of generalized Fermât numbers of base 6, base 10, and base 12 are tabulated. Three new factors of standard Fermât numbers were discovered.
Divisibility results
There are approximately 160 known prime factors of Fermât numbers. It was natural to see if these factors were also factors of any other generalized Fermât numbers. What became immediately evident was that many of these factors were also factors of a surprisingly large number of GFNs, that is, P(k, «) divided some Fb m for many values of the base b . In fact, examining the data 12  320  13  190  14  180  18  319  15  196  20  135  30  337  25  195  26  147  36  340  39  192  50  133  41  340  55  212  52  130  66  331  75  204  92  157  189  335  85  208  120  134  201  326  127  232  174  136  209 led to the observation that, on average, every prime P(k, n) is a factor for l/k of all bases, independent of n . This is illustrated in Table 1 . For k ~ 3,5, and 7 all the primes P(k, n)
for « from 10 to 1000 were tested to see how many GFNs they divided. All bases from 2 to 1000 were tested. In each case the average number of bases for which P(k,n) is a factor is close to l/k times the number of bases considered. Basically the same pattern occurred for all values of k and « that we tested. The theoretical reason for this is developed in the next section.
Divisibility theory
The following [4, pp. 129-130 ] is Euler's criterion for the solvability of Indeed, since the prime P(k, n) has a primitive root, we can apply the above criterion for N = 2m, c = -1, and M = P(k, n). In this case tp(P(k, «)) = k-2" and d = (2m , k-2") = 2m , so the condition (4) guaranteeing the existence of a solution of
and this relation holds because n > m is assumed. We thus conclude that there are d = 2m solutions with b < P of (5) for each m . But (5) is the equivalent to saying that P divides Fb m for the base b in question (note that b = 0 and b = 1 can never occur).
As the same reasoning applies to every m > 0, and for a given b the numbers Fbm have no odd factors in common, the total number of different base-¿> GFNs divisible by P is n-l (7) /3tot=^2"! = 2"-l, m=0
hence the proportion of bases b < P which have a GFN divisible by P is m h« l -ll2"
This is almost exactly 1 ¡k for reasonably large «, a condition which holds for almost all P of interest. In the particular case of k = 1, primes P = P(l, n) are the Fermât primes, which actually divide numbers Fb >m for 2" -1 of all 2" + 1 different bases modulo P. If a prime divides GFNs for l/k of the bases, it is reasonable to assume that the probability of dividing a GFN for a specific base is also l/k. On average this must be true, but because of various obvious relationships between bases, and correlations between factors for different bases such as those shown by Riesel [8] , one might expect that each base has to be considered separately. However, we can make a plausible argument that the probability is always l/k, irrespective of the base b or the prime P.
First we note that divisibility of a number Fb t m by a prime of the form (2) implies b2" = 1 (modP). Conversely, if this relation holds for b > 1, an integer m < « exists such that P divides Fbm. This follows by induction from the fact that if some x satisfies x2 = 1 (modP), then x must equal +1 or -1 . Furthermore, by Fermat's little theorem, the prime P satisfies (9) (b2")k = 1 (modP) whenever (b, P) = 1. Here the value of b2" can only coincide with one of the k different kth roots of unity modulo P, one of which is 1. Assuming that the outcome of the computation of b2" modulo P behaves randomly, we can expect it to be 1 with probability l/k . But as we have seen, b2" = 1 (modP) is equivalent to the existence of some Fb m divisible by P. We decided to examine the assumption for particular bases by computer. Fortunately, extensive testing could be done because the second author maintains a comprehensive list of primes of the form P(k, «), which is machine-readable [5] . As of October 1, 1992, this list consisted of all primes with the limits on k and « given in Table 2 (next page). The list had a total of 8,963 primes, including 36 miscellaneous primes beyond these limits. By summing l/k over the entire list the expected value for the number of factors is 67.5.
We tested each of these primes to see how many were factors of GFNs for each of the bases from 2 to 15 which are not perfect powers. In general the test results appeared to confirm the theory, since the average number of factors per 
Tables of factors
The procedures for finding factors of generalized Fermât numbers are identical to those that have been used for many years for finding factors of standard Fermât numbers. Modern factoring methods are used for small values of m, trial division by appropriately sieved numbers k-2" +1, not necessarily prime, is used for small and medium values of « , and division by previously determined primes P(k, n) is used for large values of « , where the residues required to decide on effective divisibility are obtained by repeated squarings modulo the possible factor (see also [6, p. 662 
]).
The division-by-prime method is particularly advantageous since any large primes, discovered while testing for factors for a particular base, can be added to the prime list [5] and are immediately available for testing other bases.
As a result of work done for this paper the prime list has been extended considerably. The search limits are shown in Table 3 , and the largest primes, found for 3 < k < 31, are presented in Table 4 . The lower bounds for the searched ranges were suggested by previous work reported in the second part of [6] . The entire prime list consists of 133,253 primes, 8,476 of which have n > 1000. Since it took many thousands of hours over many years to find these primes, the usefulness of the prime list is obvious. It takes about 17.5 hours to determine which of these primes are factors for a particular base.
The expected value for the number of factors is about 91.3, and the real frequencies for the bases tested are shown in Table 5 . Here the agreement between the expected value and the average number of factors is even more pronounced. The standard Fermât numbers (base 2), in particular, behave like GFNs for any other specific base. This observation can be of assistance to those searching for factors of Fermât numbers. Tables 7, 8 , and 9 (see pp. 4Ö2-404) are tabulations of the prime factors of base-6, base-10, and base-12 generalized Fermât numbers. The trial division limits are shown in Table 6 . Unfortunately, all the trial divisions must be repeated for each base, but for these "small" divisors trial division still seems to be the most efficient procedure. The total CPU time used on a Siemens 7-890-F computer for the trial divisions (three bases) was about 780 hours. 84  85  92  96   21195  3  2601  60727  21  2517  191  567915  9360659  8249  712687  1025  509471  75  9643  592491  9  9  8699  357  2126397  1169  903  955085  341591  4160015  130893  2120097   141  136811  5  11  455585  191  211411  13  119361   201  203  244  261  275  298  319  342  344  370  373  380  389  403  431  641  662  829  1379  1420  1675  2294  2973  2992  3903   4437  4542  4642  4686  4726  6341  6801  6978  7964  9429  22385   202  209  247  262  276  300  320  346  347  371  374  382   390  405  432  642  664  830  1384  1422  1680  2297  2974  2993  3904  4438  4543  4644  4687  4727  6346  6804  6981  7967  9431  22386 Table 8 Riesel in 1969 [8] cleverly derived a method for using factors of generalized Fermât numbers of one base to find factors for another base. For example, he shows that for k = 5, if a prime divides a base-2 GFN, it also divides a determined base-10 GFN. This work should be extended to obtain more stringent relationships.
In general, not enough attention has been paid to GFNs with odd bases. Although there has been some systematic searches for large GFN primes with even bases [3] , very little has been done to find primes of the form Fbm/2 for odd bases [7] . Also, finding factors of GFNs with odd bases is at least as interesting as finding factors of GFNs with even bases.
It is obvious that the existence of an extensive list of primes of the form (2) made the research for this paper practical. With the large and expanding number of high-performance workstations and PCs that are available to the academic community, it seems that a world-wide organized effort to expand this list would be a logical project.
